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Energy spectra of strongly stratified and rotating turbulence
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Turbulence under strong stratification and rotation is usually characterized as quasi-two-dimensional turbu-
lence. We develop a “quasi-two-dimensional” energy spectrum which changes smoothly between the Kol-
mogorov — 2 law (no stratification, the —2 scalings of ZhoUyPhys. Fluids7, 2092 (1995] for the case of
strong rotation, as well as the 2 scalings for the case of strong rotation and stratification. For strongly
stratified turbulence, the model may give th@ scaling predicted by Herrind/eteorol. Atmos. Phys38, 106
1988], and the— 2 scaling indicated by some mesoscale observati@k063-651X98)00705-3

PACS numbds): 47.27—i

The important applications of turbulence under strongfication versus rotation is the internal radius of deformation
stratification and rotation in geophysics and engineering ard. The internal(Rossby radius of deformatiom\ is defined
well documentedRefs.[1-5]). As an example, large-scale as
flows in oceans and the earth’s atmosphere are known to be
almost two dimensional, but not exactly so. Typically, one A=NgH/f,, (4)
characterizes these types of flows as quasi-two-dimensional
turbulence. In this note, we discuss the development of theo thatBu=(A/L)2. WhenL> A, the flow is organized in
spectra for turbulence subject to strofsgable stratification  quasi-2D vertical columns and wheén< A, the flow is or-
and rotation. ganized in thin horizontal layers with a strong vertical vari-

We define the asymptotic regimes of geophysical dynamability.
ics in terms of the following nondimensional parameters. Let From the mathematical analysiBabin and co-workers,

H be the vertical(spectral length scalel the horizontal [6-9]), we constructed Fig. 1 to illustrate the global picture
length scale, andJ, a characteristic horizontal velocity of geophysical dynamics at small Froude and/or small
scale. Then the spectral aspect ratio can be defined d¥ossby regimes. Since we are not takag 0, eitherF,, or
a=H/L. We define the Froude number based on horizontaF, can be used in describing asymptotic regimes. Then
and vertical scales: denotes either of these numbers.
When only strong rotation existdig. 1, vertical axig
Fh=Up/LNo=1/N, F,=U,/HNy=F,/a. (1) any solution of the initial value problem for the 3D Euler-
Boussinesq—Navier-Stokes system can be split into two
The classical Rossby and anisotropic Rossby numbers aR@'ts: The first component is a solution of the two-
defined as follows: dimensional (2D) barotropic Euler-Boussinesq—Navier-
Stokes system with vertically averaged initial data. The dy-

Ro=U,/Lfy=1/f, Ro,=RoXa. 2

Fr

Here Ny is the Brunt-Vasda frequency for the constant
stratification gradient antl,=2(}, is the Coriolis parameter
(Qq is the frequency of background rotatjorthe vertical
axis is chosen to be aligned with the axis of rotation and the
mean stratification gradient. The governing flow equations
are three-dimensiondBD) Euler-Boussinesq equations for
rotating stratified fluids with zero-flux boundary conditions
in the vertical direction. Such boundary conditions imply
zero tangential stress on the vertical boundaries.

The Burger number characterizes the relative importance
of the effects of rotation and stratificati¢hO]:

,"QG + AG (4-ray families)

strong rotation, weak stratification

QG + AG (4-ray families)

generalized Taylor-Proudman regimes (frozen AG cascades)

Bu=RZ/F2=Re*/F2=N2a?/}, (3) %

sheared guasi-2D unbalanced dynamics el Ro
a

with Bu<1 corresponding to rotation-dominated flows and

Bu>1 corresponding to stratification-dominated flows. FIG. 1. Geophysical dynamics: the global picture for small
Also, a measure of the relative importance(sfable strati-  Froude or small Rossby regimes.
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namics of the second part that describes vertical variability is At asymptotic limits of strong rotation, strong stratifica-
called ageostrophic in this limiting context. In this tion, and the limit of strong rotation and stratification, there
asymptotic regime, it is exactly solved in terms of 2D dy- are two disparate time scales. The difference in time scales
namics of vertically averaged fields. The error of the splittingand anisotropies in length scales are crucial for the math-
is of the order of the anisotropic Rossby numpdefined by  ematical analysis of Babiet al. [6—9], and is the basic re-
Eqg. (2)], a very small number in many situatiofBabin and  quirement for the methodology of our phenomenological
co-workers[6,8,9)). Energy cascades for the ageostrophicanalysis[5,13—15. The major difficulty encountered in un-
modes are completely frozen in the vertical direction and thalerstanding the dynamics of geophysical flows is the influ-
ageostrophic dynamics is pumghase turbulenceln pure ence of the oscillationénertio-gravity wavesgenerated by
phase turbulence, the amplitudes of the ageostrophic moddise rotation and stratification. This effect leads to the modi-
remain constant in absolute values; turbulent dynamics arécation of the spectral time for energy transfer down scales.
restricted to the phases of the ageostrophic modes. The ageo-We recall that the dispersion relation for inertio-gravity
strophic field is phase locked to phases associated with vewvaves is given by the formulaZ=N3(k2/k?)+ f2(k2/k?),
tically averaged vertical vorticity and vertical velocity, where k= (kj,k,,ks) is the wave vector, andatﬁ=k§+ k%
which are advected by 2D turbulence of vertically averagedind k?=k2+ k2+k2 (axes of rotation and gravity are along
fields. There is no slaving of the amplitudes of ageostrophigne vertical axises=[0,0,1]). As above, we define the ver-
modes by the 2D turbulence, only phase locking. tical and the horizontal spectral scales ls=1/ks|, L
Wh(_an stratification is pre“sent, the ”cascadeg _ of 89e0= 1k . If a=H/L=Kk,/|ks| is the ratio of these length
;trophlc modes{A_G) become “unfrozen.” As s_trat|f|cat|on scales, themﬁ=(f0/a)2+(N0/,8)2, where B=\a 2+ 1
increases, the direct cascade of ageostrophic energy frorarhda=\/52+_1. Then, the spectral Burger numgéy. (3)]

large scales to _smaII scale_s_ |n9rea$Bab|n etal, [8]). is a ratio of the spectral stratification frequendy/B and
When both rotation and stratification effects are of the sam . ”
e spectral rotation frequency fq/a: Bu

order of magnitude, the situation called Burger one regime_ 2 0 2 o 270,20 2
[10], Babinet al.[7—8] established the splitting between 3D _(V’\\Iloelfizs:(g;iov/eaza\ Br(iglfo?r)eégri]o(—:ﬁ)t f_o’r\l(t)r';'e /;t()rlz)ﬁgly rotating
quasigeostrophitQG) and reduced ageostrophic fields LISIngturbulence case. In a regime of high Reynolds numbers and

the Craya-Herring cyclic bas¢s1]. In these bases the ageo- rh)w Rossby numbers, turbulence is characterized by a short

strophic modes are characterized in terms of the diverge - - -
velocity potential (horizontal divergende and the geo- UMe scaler;=alfy, wherea=ya®+1 andfo=2Q,. A
direct application ofr3=7; results in the energy spectrum

strophic departure and/or thermal wind unbalateg.,[8]). \ o
The QG modes inversely transfer the vortigaitationa) en-  1OF turbulence subject to strong rotation:

ergy upscales. On the other hand, direct energy cascades of
the AG field provide a mechanism fapnlinear geostrophic

?c()jtJ:t?ct)rr?-?jrgmH;fe dlsre fliJmng:rcverlr:at?e”);(gfgiggegoarpe ftrr(')ezewhere C; is a constanf14]. The introduction of the aspect
9 Patio into the time scale is an improvement over our previous

The nonlinear geostrophic adjustment mechanism is indee henomenological analysjd4,15 since the model can now

the capacity of the AG dynamics tq t'ransfer. energy .todistinguish the anisotropic nature of rotating flow.
smal_ler_ scales and e\{entually dissipate its inertio- For turbulence in the Burger one regime, the same proce-
grawtaﬂongl energ;[l_z].. Direct cascades of energy of the dure, namely settings= 7ry, leads to the energy spectrum
ageostrophlc mode; indicate th"?‘t the obseryéqaqwer law for turbulence subject to strong rotation and stratification:
is the spectrum of internal gravity waves with direct energy
cascade to large wave numbéssnall scales 2 211/2),—2
. S E(k)=C No/B)"+(fo/ k™4, 7

In order to infer the form of the inertial-range spectrum (k) =CinleV(No/B)*+ (fola)’] ™
E(k) for different asymptotic regimes, it is necessary to es- h =
- - : . : =\a ?+1.
timate the magnitude for the triple velocity correlations. InW eref=a
general,3, the time scale for the decay of the triple corre-
lations responsible for inducing turbulent spectral transfer
may depend on any relevant turbulence paramétesgl4].
When energy is conserved by the nonlinear interaction and a E(K)~(eNn/B8)Y2% 2 8
local cascade has been assumed, the energy flux, which (k)~(eNo/B) ' ®

equals the dissipation ratg is independent of wave number This reduces to a result found previously by Herfi] and
k. Local cascade also implies thats explicitly proportional  kimura and Herring17] for the isotropic case.

to 73, and depends on the wave number and on the power of \ye note, however, that based on experimental findings by
the omn|—d|rectlonal energy spectrum. A simple dmensmnabickey and Mellor[18], some further extensions may be
analysis leads to needed in the cases of strongly stratified turbulence, and
probably also for the case of stratified and rotating turbu-
e=A?13(K)K*E*(K), (5)  lence. We shall restrict our discussion below to strongly
stratified turbulence for brevity. The results can be extended
whereA is a constant. When the time scale for triple decor-trivially to include the rotation effect by using instead of
relation is simply given by the nonlinear timey(k) =7, 7n - For a strongly stratified flow, the energy-transfer process
=[k%?EY(k)]1, the classical Kolmogorov spectrum is re- may be modified in two ways. First, the effect of the internal
covered. waves is reflected in the reduced time scales for the triple

E(k)=Cs(efol/a)Y?k 2, (6)

Based on the analogy between the rotating and stratified
turbulencd 2], previous results can be extended to the cases
of strongly stratified turbulence. Substituting= 7 leads to
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correlations. This effect reduces the rate of the direct energy , , ; > -
transfer down scales and leads to the spectrum predicted by 2’ =Y+ \/_Y +2VY'7+4Z,), (14)

Herring [16]. Second, the effect of the internal waves may

whe
lead to a direct reduction in the energy flux, and this reduc-

re

tion is called the “energy radiation rate.” Indeed, for 3 47/\3 3
moving-grid-generated turbulence, Dickey and Mella8] Y/ = 1y 14 0 n _
showed a clear break in the decay rate of the turbulence 2 4 3

energy when the buoyancy effects become active. This break
indicates the collapse of three-dimensional turbulence at 3 , ) o )
nearly all scales. The interpretation given by Dickey and 'N€ parameters ake=C, ~"andZ,=[Akg/k]™". Again,

Mellor [18] is that the nonlinear energy transfer now has thedepe3nd|ng on the situatiorke may take values fromky
general form =(N3/e" )2 (for strongly stratified flows and K{y
={[(No/B)?+ (fo/a)?1%% €'} (for stratified and/or rotat-
3 3,2 ing flows). These equations reduce to the classical Kolmog-
€= (1) = CNgl . ©  orov “— 2" spectrum whenZj—0 (so thatz’—1), and to
Hereu is the rms of turbulent velocity, is the integral scale OUr Strongly stratified or rot,ation and/or stratificl:%ion modi-
obtained by integrating the longitudinal velocity autocorrela-fiéd “—2" spectrum whenZ,— (so thatZ’ —Z, *"). Al-

tion, and C is a constant estimated experimentally asi€'natively, the scaling of the energy spectrum in the strongly
1.910°2 [18] stratified case may remain as3 (as pointed out already by

T3~ 7). For intermediate strength of the stratificati¢or
rotation and/or stratificationthe spectrum varies smoothly
between these two limiting forms, according to the increase
of the controlling parametet), with increasing ratickg/k.

5 - We note the difference between the energy spectra in a
€' =A73(k)K"E“(k), (100 2D case[19] and a quasi-2D case. Based on statistical tur-
. . L bulence theory, Herrinffl6] found that it is quite difficult to
where wg 2have introduced the effectlvg dissipation rea(te_ justify 2D spectra of— 3 (for scales larger than the energy
= e+ CNol“. We remark that when the first effect of strati- jniection scalg and — 3 spectrafor scales smaller than the
fication is weak g3~ 7)), the energy spectrum modified by energy injection scajefor a stratified flow. The reason is that

Nl=
ENTN

Including the “energy radiation term” of Dickey and
Mellor only requires a very minor modification to our pro-
cedure. Note that Ed5) can be rewritten as

the second effect of stratification takes the form the triple-moment relaxation is dominated by waves. The
fact that the time scale for triple velocity correlation is domi-
E(k)~ (€)% 5B, (1D nated by faster time scale forms the foundation for our de-

velopment and the work of Herrind.6].

In general, the lifetime of triple correlations in rotating  We conclude this paper by noting that our energy spec-
and stratified turbulence might be more accurately treated bfrum, in its most general form, would lead to an energy spec-
taking into account the possibility that these correlations detrum that changes smoothly between the Kolmogorey
cay because of the influence of both wave propagation ankw (no stratification, the —2 scalings of Zhou14] for the

nonlinear triadic interactiongl4]. The simple choice case of strong rotation, as well as the2 scalings for the
case of both strong rotation and stratification. For strongly
1 1 1 stratified turbulence, the model may give the2 scaling
= + (12)  predicted by Herrind16] and the—§ scaling indicated by
73(K) (k) 7E(K) some observations at mesoscales.
satisfies the appropriate limiting casest;(k) — 7, without This research was supported by the AFOGRant No.
external agencies, ands(k)— g with external agencies. F49620-93-1-0172 the NSF Environmental Geochemistry
Here 7z may be taken as;, 7y, or 7yy. and Biochemistry InitiativdGrant No. 97-0845R the ASU
We now find that the general energy spectrum forcenter for Environmental Fluid Dynamics, and the National
strongly stratified turbulence takes the form Aeronautics and Space Administration under NASA Con-
tract No. NAS1-19480 while the authors were in residence at
E(k)=2Z'2A" 43" 21353, (13)  the Institute for Computer Applications in Science and En-
gineering(ICASE), NASA Langley Research Center, Hamp-
whereZ’ is given by ton, Virginia 23681-0001.
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